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Abstract equation are used. In this repdetwill refer to the ac-

tual, measured dot area fraction rather than the fraction

The Neugebauer approach to modeling caloy half- commanded by the printer, and a modification of the

tones generally has to be modified to correct for the YuleMurray—Davies equation that models the Yule—Nielsen

Nielsen light scattering effect. The most commoneffect on color halftones will be described.

modification involves the Yule—Nielsemfactor. A less The earliest and still most commonly used modifi-

common, but more fundamentally correct modificationcation of the Murray—Davies equation is the Yule—Nielsen

of the Neugebauer model involves a convolution of theequation, with an empirical factor?!

halftone geometry with the point spread function, PSF,

of the paper. The probability model described in the cur- RIM=FR/"+ FpRg”. (1)

rent report is less complex than the PSF convolution ap-

proach but is still much less empirical than the In this expressionk, andF, are the area fractions

Yule—Nielsenn model. The probability model assumes of the ink dots and the paper between the dots, respec-

the Neugebauer equations are correct and that the Yuldively, andF, = 1 —F,. The Murray—-Davies and Yule—

Nielsen effect manifests itself in a variation in t€Z  Nielsen equations are often extended to describe spectral

tristimulus values of the eight Neugebauer primary colreflectance ircmycolor halftoning.

ors as a function of the amountsafm, andy printed. s

The model describes these color shifts as a function of RA) =3 fiR(A), (2)

physical parameters of the ink and paper that can be =1

measured independently. The model is based on the as- ROVYN = 8 £ R (YN

sumption that scattering and absorption probabilities are (A) _Zl RO 3

independent, that the inks obey Beer—Lambert optics, and

that ink dots are printed randomly with perfect hold-out. = Thef, are the area fractions of the eight possible col-

Experimentally, the model is most easily tested by meaers (white, cyan, magenta, yellow, red, green, blue, and

suring the shift in the color of the paper between thdlack) formed by overlap between the printed ink area

halftone dots, and experimental microcolorimetry is prefractionsc, m, andy. TheR(A) are the reflection spectra

sented to verify the model. of the eight colors. By knowing or assuming the geom-
etry of overlap between ink dots, the color fraction may
Background be determined from the ink fractiorfs= f(c,m,y). The

most common assumption regarding dot overlap is that
One of the conceptual advantages of halftoning is theots are printed randomly, which leads to the so-called
linearity between the fractional area coverage of the infoemichel equations[=(1 —c)(1 —m)(1 -y), throughf,
dots, F,, and the overall reflectand® of the image as =c, m, y].2Models for deterministic dot placement have
expressed in the Murray—Davies equatiRsF, R+ (1  also been published.
- FJR,, whereR andR, are the reflectance factors of By integration, the CIE chromaticity coordinates
the ink and paper, respectively. In color halftoning thismay be determined.
also means a linearity betweemm, andy dot areas and _ —
the CIEXYZchromaticity coordinates of the image. How- XYZ = [RAPyZPA)dA “)
ever experimental measurements typically show avhereXYZrepresents th¥, Y, or Z chromaticity value
nonlinearity betweerR andF, with R being less than and xyz represents the correspondirgy, or z color
predicted by the Murray—Davies equation. Thematching function. The valug(l) is the spectral power
nonlinearity betweef, andR is caused by two phenom- distribution of the light used to view the image. By ap-
ena: (1) physical dot gain in which the actual dot fracplying Eq. 4 to Eq. 2 we have what is often called the
tion is larger than the dot fraction commanded in theNeugebauer equation for tristimulus valdes,
printing process, and (2) the Yule—Nielsen effect in which _ 8 n
the lateral scatter of light within the paper leads to an XYZ_Zlfi XvZ", (®)
increase in the probability of the ink dots absorbing thevhereXYZ represents a tristimulus value for the color
light.* Thus, to describe tone and color reproduction irregioni of the halftone.
halftone images, modifications of the Murray—Davies = The empirical modification foR(A) may also be
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used to calculate tristimulus values. However, Eq. 6 doe~

S I
not follow from application of Eq. 4 to Eq. 3. 2
A M
T n
XNZT = 3 T 6) Lf, Lf Lf, Lf,
Nevertheless, Eq. 6 is occasionally used as an en
pirical modification of Eq. 5. Becauseis only an em- ’ ‘
pirical factor, no reason exists not to use Eq. 6 if it provides -
a useful description of a given halftone system. L ’ M
Work in this laboratory has explored an alternative \
modification to the Murray—Davies equation in which . . /
RandR, are not constants but are described as function |paper : v
of the dot area fractioR,(F,) andR,(F,).® P
Ps P, P, 13
R=FR(F) + F,R,(F). (7) A P ) i

Experimentally it has been well shown that bBIh  Figyre 1. For a two-color (cyan, magenta) halftone, the light re-
andR, decrease &5, increasesBoth empirical and theo- flected back from the blue region has four origins as a result of
retical models have been reported for descritlRp@nd  the Yule—Nielsen effect.

R, versusF, for monochrome halftones!.

The Probability Functions ometry, Kk, is a constant proportional to the mean dis-
tance light travels in paper before reemerging as reflected

Equation 7 may be expanded to descibey halftone Ilght, ar_1d n is the halft_one dot frequency. A thorough
color. Equation 2 is the appropriate expansion of Eq. fliScussion of the terms in Eq. 9 was reported elsewhere.
if we consider the eighR(A) spectra to be functions of ___Equation 8 may be generalized to describe the prob-
the color fractions; as well as functions of wavelength 2Pility P; thatlight that enters an area of the paper marked

A. Then, integration gives the tristimulus values of thd Will emerge from the paper at argavith f; as the area

color image. The problem is to describe the way in whicfraction.

the eightR(A) of Eq. 2 depend on the eightThe ap- P, =1-(1-f, )[1_(1_ £)"+(1- fjw)]. (10)
proach taken in this report is to describe probability func-

tions for the lateral scattering of light in the paper and  Similarly, an extension of previous work on mono-
then to describe the way in which the eightspectra chrome FM halftones leati® a somewhat different ex-

depend on the probability functions. pression foiP,
We begin by defining the probability functid®. .
This is the probability that if a photon enters the paper P =1—W(1— f; ) (11)

in regionj, of area fractiot, it will reemerge after scat- , I , ,
tering in regiori, of area fractior, In other words, i~ Wherew is again given by Eg. 9 but with n defined as the
photons enter the paper in regiprthenP, is the frac- nverse of the dot diameter. TBdactor is an empirical factor

ji

tion of theseN photons that scatters and emerges in ref€lated to the particular geometry of the FM halfténe.

PR i i i In addition to theP; probabilities, there are also all
gion i, provided no light is absorbed by the paper. To o e pro ' ;
account for light absorption, we assume absorption an@f theP; probabilities, as illustrated for they two-ink
scattering probabilities are independent so that the find12S€ in Fig. 1. If we have functions to describe all of the
number of photons from regigrthat emerges in region "i» then for a three-colormy halftone we would have
i is the producRP,. an 8x 8 matrix of probability function®; with theP;

Consider the monochrome case with regjon 1 functions on the diagonal of the matrix. Similarly, a
defined as the region between the dots and reigio@ monochrome halftone would be described with a2

the region of the paper containing dots. The probabiliyfatrix of probability functions. As will be shown be-
P, is the probability of light emerging from the region 1OW. theP; can be related to th,. First, however, we
between the dots after entering between the dots. Fgxamine how these probabilities can be used to calcu-
conventional clustered dot halftones this probability wadate color reproduction in the halftone.

experimentally shown to be well described by the fol-From Probability to Reflectance
lowing functior: The two-ink case illustrated in Fig. 1, shows how

the incident irradiance, = watts/area, is divided among
P,=1-(1- fl)[l—(l— )" +(1- fl‘”)], (8) the areasd;, of the halftone image. Photohg strike the
image in region numbér The light that then enters the
wheref, is the same thing & in Eq. 7 andvis a factor  paper in this region i f,T, whereT, is the Beer—Lam-
related to the scattering of light in paper. Whdactor  pert transmittance of the ink layer over regiomNote
has been shown to be related to the scattering optics €efatT,= 0 fori = 1 (the paper between the dots) and that
the paper, T, = Teyan Ts = Teyan Tyenows €1C. Then, the number of pho-
w=1-¢e % (9) tons from regiori that emerge from regiopnis 1,f TP;.
For example, as illustrated in Fig. 1, the number of pho-
whereA is a constant characteristic of the halftone getons that strike Region 4 (the cyan-color region) and
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eventually emerge under Region 3 is given by the prod-
uct (,T,R,P,s). The total amount of scattered light that
reaches Dot 3 is the sum of these expressions for Re-

Py =P (18)

gions 1, 2, and 4. Then the light passes through Dot 3
and is attenuated by, Similarly, the general expres-
sion for the photon irradiance emerging from anyidot
is as follows:

We now have a sufficient set of functions to model
color halftones.

The Model Recipe
li = RT3 (Ty B 1)) (12)
’ To apply these probability functions to calculate Xz

The reflectance of the dot is the ratio of the lighttristimulus values of a color halftone given then, and
emerging from the dot,, to the light entering the ddt,  yink fractions delivered by a printer, the following steps
f. Thus, dividing Eqg. 12 by,f, gives the following ex- are taken: (Note, m, andy are the actual areas not the
pression for the reflectance of dot areas commanded by the printer. Physical dot gain is not
considered here.)

O f. O
R=RT % HTJ Fi TJE (13)  step 1. Measure the transmittance spectra of the individual
' iNks, Toan Thagena AN T 0, ASSume the Beer—
The spectral designation (l) has been dropped to sim- Lambert law and determine the transmittance spec-
plify the notation, buR, R,, and all theT, are functions of traT, of the eight colors. Also measure the reflec-
wavelength. The spectr® may then be used in Eq. 2 to tion spectrum of the papdR,,.
determine the overall spectral reflectance of the halfton&tep 2. Begin with the ink combinationc(m,y and cal-
image, and then Eq. 5 can be used to calculate the tristimulus culate the eight color fractionk,throughf,. For
values of the image. The only unknown in the model is a randomly placed ink dots, the Demichel equations
description of the off-diagonal probabiliti&s. may be used. Otherwise dot geometry must be
modeled, as illustrated for dot-on-dot halftones de-
The Off Diagonal Probabilities scribed subsequently.
Step 3 Use Eq. 10 to calculate the eight diagonal proba-
bilities, P;, for a traditional clustered dot halftone.
Eg. 11 may be used with an FM, stochastic type
of halftone. The parametansandB may be taken

as arbitrary constants to fit the model to data. Al-

Everything required to model halftone color is now
known except the off-diagonal probabiliti€%. Intu-
itively, theP; must relate to th®; and to the color frac-
tionsf; andf;. We can derive this relationship by assuming
the independence of the scattering probabiliBgsnd ternatively, w and B may be measured indepen-
the absorption probabilities andR, We also assume dently as described previously.
the paper is sufficiently thick that loss of light through Step 4. Use Eq. 18 to calculate the off-diagonal prob-
the back of the paper is negligible. Under these condi- abilities.
tions, the photons that enter Region 3 of Fig. 1 must everStep 5. Use Eq. 13 to calculate the reflection spectra of
tually emerge in one of the four regions. the eight colors.
_ Step 6. Use Eq. 2 to calculate the reflection spectrum

Pia ¥ Poa + Pag + Py = 1. (14) of the overall halftone image.

This expression is a special case of Eq. 13 for a twaStep 7. Use Eq. 5 and the power spectrum of the illu-
ink halftone and foR, =T, =T, = 1. If we further assume mination light, P(l), to calculate theXYz
that the dots are randomly placed on the paper so that tristimulus values of the halftone image.
the probability of light from Regiok emerging in some
other Regiori # k is proportional to the area fraction
Thus, for any two regionisz k andj # k, we may write
the following:

Testing the Model

Color halftones were generated with an HP 1600C ink-
jet printer on a high-quality coated sheet to minimize
ink penetration and dot gain. Halftones were printed with
an error diffusion algorithm, and dot-on-dot was not used.
The dots from the different colors were at 300 dpi and
were randomly placed with respect to each other. A fixed
amount of magenta (dot fraction m = 0.45) was printed
at different cyan dot fractions (0 &< 1). No yellow
was printed in this experiment. A microscopic image of
the dot pattern was captured with a 2-mm field of view
using a 3-chip color CCD camera and video frame grab-
ber. The sample was illuminated with an incandescent
light source through fiber optics. The resulting light on
the sample was measured and found to have the power
distributionP(A) of CIE Illuminant A. The camera and
We may generalize this expression for any off-di-optical system had been calibrated to the ink-jet dye set
agonal termj # j. so the rgh images could be translated X¥Zspace. In

R/P, = f/f. (15)

For exampleP,, = P, (f./f)), P,, = P,y (f,/f,), andP,, =
P.,(f,/f)). Combining these with Eq. 14 gives the following:

P31(f1/ fl) + P31( f2/ fl) +Py + P31( f4/ fl) =1 (16)
Note that Eq. 15 does not applyRg, but only toi

#j. Then we recognizinfy+ f,+ f, = 1 —f, and solve Eq.
16 for the off-diagonaP,;,.

Py = (1_ Pss)é__f_'fsg 17)
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Figure 2. The X tristimulus value of the paper between the dotBigure 3. The Y tristimulus value of the paper between the dots
(3) and of the overall, mean value of the halftone im@ge (3) and of the overall, mean value of the halftone imgdp
versus the ink area fraction of cyan at magenta = 0.45. Errorversus the ink area fraction of cyan at magenta = 0.45. Error
diffusion halftone at 300 dpi. diffusion halftone at 300 dpi.
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C Figure 5. The xy chromaticity trajectory with llluminant A for the

paper between the dots and for the overall image for the variable
Figure 4. TheZ tristimulus value of the paper between the dotscyan, fixed magenta, error diffusion halftone. The gamut of the
(O) and of the overall, mean value of the halftone ima@ ( printer at maximum c, m, and y inks is shown. The paper chro-
versus the ink area fraction of cyan at magenta = 0.45. Errormaticity (w®) and the spectrum locus are shown.
diffusion halftone at 300 dpi.

addition, gray-level segmentation in the original rgb90% of the paper area. The model was run over the range
images provided independent measures ottme and 0 <c < 0.9 to agree with the experiment. These experi-
y dot area fractions. Using the color microdensitometemments demonstrate that the color between the dots is,
measurements were made of ¥MéZtristimulus values indeed, not the color of the unprinted paper but mimics
of not only the overall image but of the space betweetthe mean value color of the overall image.

the ink dots. The results were plotted as a function of The solid lines in Figs. 2 through 5 were calculated
the cyan dot area fractianand are shown in Figs. 2, 3, with the model recipe described above. The transmit-
and 4. Figure 5 shows the correspondingchromatic-  tance spectrum of the cyan dye was determined from the
ity values. The data do not go all the way to the gamuteflection spectrumR,,, of a 100% cyan regiom(=y =

limit because the printer, at a command of 100% ink0) and the functionT,.,= (R,./R)"% Spectra for the ma-
formed dots with very little dot gain and occupied onlygenta and yellow were similarly determined. Tremichel
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Figure 6. The X tristimulus value of the paper between thd-igure 7. The Y tristimulus value of the paper between the dots
dots (O) and of the overall, mean value of the halftone imagé€O) and of the overall, mean value of the halftone image (X) ver-
(X) versus the ink area fraction of cyan at magenta = 0.4. Clussus the ink area fraction of cyan at magenta = 0.4. Clustered dot-
tered dot-on-dot halftone at 53 dpi. on-dot halftone at 53 dpi.
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Figure 9. The xy chromaticity trajectory with llluminant A for the
Figure 8. The Z tristimulus value of the paper between the dotsaper between the dots and for the overall image for the variable
(O) and of the overall, mean value of the halftone image (X) vereyan, fixed magenta, clustered dot-on-dot halftone. The gamut of
sus the ink area fraction of cyan at magenta = 0.4. Clustered dothe printer at maximum ¢, m, and y inks is shown. The paper
on-dot halftone at 53 dpi. chromaticity(w ®) and the spectrum locus are shown.

equations were used to determine the color area fradigures were modeled by the recipe above with the fol-
tionsf, and Eq. 11 for FM halftones was used for thelowing changes. First, Eq. 10 was used for the diagonal
on-diagonal probabilities. The model was fit to the datgrobabilities. Second, the Demichel equations were re-
by adjustingw andB. Rather than search for a statistical placed with a geometric calculation for dot-on-dot half-
fit criteria, the authors simply adjustechndB to achieve tones. For the fixed magenta at different levels of cyan,
a visually acceptable agreement between the model arnide functions in Table | were used. The valugavef 0.80

all of the data in Figs. 2 through 5. Valueswof 0.82  was found to provide an overall fit, judged visually, to
andB = 1.2 were used in this calculation and aresi®n the data in Figs. 6 through 9.

tent with independent estimates from earlier wigrk.

A second experiment was performed using the same
inks and a traditional clustered dot halftone. However,
the clustered dot halftone was printed dot-on-dot ratheAs shown by Engeldrum, the Yule—Nielsen effect mani-
than randomly. Figures 6 through 9 show the resultsfests itself in color halftones as a change in the color of
Again the color of the paper between the dots mimicshe paper between the halftone dots as the dot area frac-
the color of the halftone image. The solid lines in thesd¢ions changé?'* The probability model appears to pro-

Discussion
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vide a mechanistic rational for this phenomenon. Morearea fraction$ so thatP, = a, f,, fori # k. If a nonlinear
over, the model rationalizes the overall color of the halfproportionality actually applies so thet = aG(f,) for

tone image. The printer used in the project employed aome functiorG, then Eqgs. 15 through 18 become more
default algorithm for gray color removal, and this pre-complex. While this may certainly be the case, it is not
vented experimental testing with more than two of theevealed in the experimental data and the data are not
threecmyinks. However, the fit with the two color cases sufficiently noise-free to provide a guide to a more ad-
strongly supports the model. This, in turn, indicates thavanced estimate of the functional form of Eq. 15. For a
the Neugebauer Eqgs. 2 and 5 are correct descriptions ofore rigorous analysis of this probability, the reader is
halftone color reproduction provided the eight reflec-directed to recent theoretical work by Rogérs.

tance spectr&® and the eight sets of tristimulus values
XYZ are treated as continuous functions of ink fractions
cmy and not as the reflectance spectra and tristimulus
values of the eight Neugebauer colors printed at 1009%he authors express their appreciation to the Hewlett-
coverage. This point is emphasized by integrating EqPackard Company for support of this project. Thanks to the
13 directly to find the eight sets of Neugebauerreviewers of the paper who offered extremely helpful criti-
tristimulus values to use in Eq. 5. Integration leads ta@ism. Special thanks to the students in the 1997/98 course
the following: in Color Reproduction at RIT for finding all the typos.
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XYZ = > mj XYZ; —[1
=1
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Note that integration leads to a matrix of 64%:
tristimulus values<YZ. The eight values on the diago-
nal XYZ are the traditional Neugebauer values for thes,
eight Neugebauer colors printed at 100% covetage. 4.
These values may be measured independently. Howeve,
the off-diagonal valueXYZ are tristimulus values for
light that passes Ddt scatters in the paper, and then
passes through Dat The XYZ tristimulus values can
not be measured independently.

Unlike the Yule—Nielsen modification to the
Neugebauer equation, the probability model has a direct
link with the fundamental optical and geometric character-
istics of the halftone system via Eq. 9. While the probabil-
ity model is significantly more complex than the traditionalsg.
n modified Yule—Nielsen model, it is significantly less com-
plex than a convolution model involving the fundamental
probability function PSF of light in the paper. Gustav3on
has demonstrated such a model, and it is fundamentalfy
correct theoretically. However, the current probability model
is expressed with closed analytical functions and is muc

more amenable to modifications for nonideal systems, as™

demonstrated in previous wotkloreover, one should be
able to derive the mean level probabilitgsrom the fun-
damental probabilitfPSFand a knowledge of the geom-
etry of the halftone system. Because the PSF of paper is
quite difficult to measure experimentally, it is typically

modeled empirically. In the current model, we begin byl2.

modelingP; empirically. In addition, as demonstrated pre-
viously? it may be easier to measure fethan the PSF.

Thus, one experimental approach to measuring PSF ma@'

be to measur®; with several known dot geometries and ;4
then to calculate PSF.

Appendix
A reviewer of this manuscript correctly pointed out that

Eg. 15 implies an assumption. The assumption is that
the off-diagonal probabilitieB, are proportional to the

11.

15.
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